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Modeling and investigating the thermalization of microscopic objects with arbitrary shape from
first principles is of fundamental interest and may lead to technical applications. Here, we study,
over a large temperature range, the thermalization dynamics due to far-field heat radiation of
an individual, deterministically produced silica fiber with a predetermined shape and a diameter
smaller than the thermal wavelength. The temperature change of the subwavelength-diameter fiber
is determined through a measurement of its optical path length in conjunction with an ab initio
thermodynamic model of the fiber structure. Our results show excellent agreement with a theoretical
model that considers heat radiation as a volumetric effect and takes the emitter shape and size
relative to the emission wavelength into account.
Thermalization via heat radiation is an omnipresent
process which, e.g., determines the temperature of stars
and planets or the functioning of incandescent lamps. For
a perfectly black body, the spectral emissive power of
far-field thermal radiation was first explained by Planck
[1] who used quantized energies for the radiation field,
thereby breaking the grounds for quantum theory. The
thermal radiation of a real object can then be related
to that of a perfectly black body by introducing a cor-
rection factor, the so-called spectral emissivity which is
treated as a surface property that depends on the spe-
cific material and the surface roughness [2]. However, as
Planck already stated himself, his theory is designed to
describe the far-field heat radiation of macroscopic bod-
ies. Strictly speaking, it can therefore not be applied to
objects that have a size or separation comparable to the
thermal wavelength. In particular, as soon as the absorp-
tion length for the thermal spectrum gets comparable or
larger than the size of the radiating body, thermal radia-
tion becomes a volumetric effect and the spectral emissiv-
ity has to take the photonic properties of the object into
account. These effects call for a more comprehensive the-
oretical description. Two established theoretical frame-
works in this context are Mie scattering in combination
with Kirchhoff’s law and fluctuational electrodynamics
(FED) [3–6]. Both approaches give accurate predictions
for the far-field thermal radiation [6] which, in case of
the infinite cylinder, have been formally been shown to
be identical [7]. In addition, the FED-framework has
proven to be a versatile tool which also allows one to
compute Casimir forces and the radiative heat transfer
of arbitrarily shaped bodies in the far- and near-field [8].
The radiative heat exchange of particles smaller than
the thermal wavelength has been extensively studied in
the past with ensembles of, e.g., soot particles or inter-
stellar dust in the context of climate physics and astro-
physics, respectively [4, 9]. In general, these ensembles
are not monodisperse, meaning that only statistical in-
formation on their size, shape, and material properties is
FIG. 1. Schematics of the experimental setup for measuring
the thermally induced optical path length change of the op-
tical nanofiber. The inset shows the TOF-resonator with the
nanofiber waist.
available. More recently, the progress in nanofabrication
led to a new approach using deterministically produced
samples of well-defined shape and material. This way,
the effect of size and geometrical structure of an object
on the spectrum, coherence, and angular distribution of
its far-field thermal radiation has been investigated [10–
14]. Moreover, it has been shown that the radiative heat
transfer rate can be strongly enhanced by near-field ef-
fects [15].
Here, we measure the thermalization dynamics of an
individual object of predetermined size and shape which
is thinner than the thermal wavelength and all absorp-
tion lengths of the relevant part of the thermal radiation
spectrum. For this purpose, we employ a silica nanofiber
with a diameter of 500 nm and monitor its temperature-
dependent optical path length interferometrically during
heating and cooling. The fiber resides in an ultra high
vacuum chamber and heat transport is dominated by far-
field heat radiation. Our data show that the total far-field
radiated power of this sub-wavelength structure agrees
quantitatively with ab-initio predictions given by FED
[7] for temperatures ranging from room temperature up
to and beyond the glass transition temperature of fused
silica.
The silica nanofibers used for our experiment are real-
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2FIG. 2. Thermally induced optical path length change of the silica nanofiber. Circles: Experimental data; blue bands: FED
predictions; green bands: predictions using Planck’s law. (a) Example of thermalization dynamics. (b-d) Maximum optical path
length change as a function of the heating laser power transmitted through the TOF and background gas pressure, respectively.
ized as the waist of a tapered optical fiber (TOF) which is
produced from a standard optical fiber in a heat-and-pull
process [16, 17]. A temperature change of the nanofiber
waist induces a change of its optical path length which is
primarily due to the thermo-optic effect of silica. In or-
der to measure this optical path length change, the TOF
is enclosed in a fiber-based Fabry-Pe´rot-type optical res-
onator which uses two fiber Bragg-gratings (FBGs) as
cavity mirrors [18], see inset of Fig. 1.
In this configuration, the optical path length change is
translated into a frequency shift of the Fabry-Pe´rot reso-
nances which we read out via the transmission of a probe
laser field, see Fig. 1. The nanofiber waist is heated by
sending a second laser field through the TOF. Its wave-
length lies in the transmission band of the FBGs and its
power is adjustable by means of an acousto-optic mod-
ulator (AOM). A small fraction of this optical power is
absorbed along the nanofiber, thereby heating the latter.
After exiting the TOF, the transmitted probe and heat-
ing laser fields are separated by a dichroic mirror (DM)
and spectral filters such that their respective powers can
be measured independently using photodiodes (PD1 &
PD2). By abruptly switching the heating laser beam
with a mechanical shutter, the heat source can be turned
on and off, allowing us to measure the heating and cool-
ing dynamics of the nanofiber.
For this purpose, we record a time trace of the probe
transmission which consists of a sequence of Fabry-Pe´rot
transmission peaks. From one peak to the next, the
single-pass intra-cavity optical path length has changed
by half the vacuum wavelength of the probe laser,
∆Lopt = λ0/2 = 426 nm. A typical time trace of ∆Lopt
is shown in Fig. 2a for a TOF-resonator with a waist di-
ameter of (500±50) nm, a nominal homogeneous waist
length of Lwaist = 10 mm, and a finesse of 85± 1 (TOF-
resonator #1; see supplementary material (SM) for a de-
tailed radius profile). For this measurement, the heating
laser is switched on between t = 0...1 s, the transmit-
ted power is Pheat = 32.7(1) mW, and the background
gas pressure is p = 10−6 mbar. For both the heating
and cooling process, ∆Lopt varies rapidly during the first
500 ms. Following this initial fast dynamics, the varia-
tion of ∆Lopt takes place on a much longer timescale on
the order of several seconds. Because of the discrete na-
ture of the measurement method which relies on counting
transmission peaks, one additional data point was added
at the end of the heating (cooling) period. Its value is
chosen λ0/4 higher (lower) than the last measured data
point and its error bar is given by ±λ0/4, thereby ac-
counting for the fact that ∆Lopt changed by less than
λ0/2.
In order to gain quantitative understanding of the ob-
served dynamics of ∆Lopt, we develop an ab initio ther-
modynamical model of the TOF including heat trans-
port via thermal radiation and heat conduction along
the TOF. We experimentally checked that heat diffusion
3through the surrounding background gas is negligible for
pressures below 10−4 mbar (see below). Moreover, we as-
sume that the fiber is thermalized across its cross-section.
The system can then be described by the following dif-
ferential equation in units of power [19]:
cp ρ ∂tT dV = −dHrad(T ) + dHrad(T0)
+∇(λ∇T ) dV + dPheating , (1)
where cp = (700 − 1500) J/(kg·K) and ρ = 2200 kg/m3
are the specific heat and density of silica [20, 21],
dPheating is a heat source, λ = (1.3 − 2.1) W/(K·m) is
the heat conductivity of silica [21], T0 = (294 ± 0.5) K
is the room temperature. The dependencies on space
and time are omitted for clarity. For comparison, the
radiated heat dHrad is calculated using both, a na¨ıve ap-
proach given by Planck’s law in combination with the
spectral emissivity of a silica−vacuum interface (see SM)
and the predictions from FED calculations as computed
in [7] (details in the SM).
It has been shown that the transmission loss of sil-
ica nanofibers is primarily governed by surface pollution
[22]. In our model, we therefore assume that the heating
of the TOF is caused by surface absorption. We note,
however, that our analysis only weakly depends on this
assumption and that the other extreme case of heating
by pure volume absorption yields practically the same re-
sults. Despite the fact that the absorption of the heating
laser is dominated by pollutants, the overall emittance of
the fiber is well-described by assuming a pure silica fiber
(see SM): In essence, the absorption of the pollutant in
the near infrared (NIR: ∼ (0.7–2) µm) spectral range
only dominates because of the extreme transparency of
the silica. However, it is still extremely small and, in
particular, negligible compared to that of silica in the
wavelength range where the latter is opaque. As a result,
the emittance of the total structure (silica nanofiber in-
cluding the pollutants) is dominated by the properties of
silica in the relevant spectral regions, i.e., where the vast
majority of the heat radiation is emitted.
The largest uncertainties that enter into the model are
the radius profile, which is known with a relative error of
±10 % [23, 24], and the wavelength-dependent complex
refractive index of fused silica, nˆ. The latter is the sole
material property that is used in the FED calculation
of the radiated power as well as in the calculation of
the spectral emissivity. It was extracted from various
literature sources for wavelengths ranging from ≈ 30 nm
to ≈ 2 mm (see SM).
We numerically solve the two resulting differential
equations (Planck and FED) for the same heating and
cooling cycle as in the experiment and determine the
time-dependent temperature profile along the TOF as
a function of the total absorbed optical power, Pabs.
Four different parameter sets are used for these calcu-
lations, combining the minimum and maximum TOF ra-
dius profile with the values of nˆ that yield the minimum
or maximum radiated power per unit length, respectively.
From these temperature profiles, we then compute ∆Lopt
via the temperature-dependent effective refractive index
which is integrated along the TOF-resonator (see SM).
The theory bands in Fig. 2a are delimited by the two
extremal time traces of ∆Lopt that reproduce the maxi-
mum observed optical path length change ∆Lmaxopt (solid
lines). We find excellent agreement between the time
dependence of ∆Lopt predicted by FED and the experi-
mental data while the prediction for Planck’s law predicts
a considerably faster thermalization.
Figure 2b and c show ∆Lmaxopt as a function of the
heating laser power transmitted through the TOF, Pheat,
for TOF-resonators #1 and #2. The latter corresponds
to a TOF with a waist diameter of (500 ± 50) nm,
Lwaist = 5 mm, and a finesse of 18 ± 1. In both cases,
∆Lmaxopt increases roughly linearly with Pheat within the
observed power range. In order to analyze the measured
data, the ratio η between Pheat and Pabs has to be de-
termined. This is done by inserting Pabs = η Pheat into
both theories and fitting their predictions independently
to the data using the four parameter sets concerning the
radius and the complex refractive index. We compute
the mean of the minimum and maximum resulting η-
value, η¯ = (ηmax + ηmin)/2 ≈ 2 h for FED and η¯ ≈ 3 %
for Planck’s law and plot the extremal theory predic-
tion (solid lines bounding the colored bands) using the
corresponding two parameter sets and Pabs = η¯ Pheat.
For both resonators, the FED prediction is in excellent
agreement with the experimental data while Planck’s law
predicts a sub-linear increase of the equilibrium temper-
ature, and therefore of ∆Lmaxopt . This qualitative devi-
ation stems from the different scaling of the radiated
power with temperature for the two models: T 4 assum-
ing Stefan-Boltzmann law and < T 3 in the case of the
FED prediction.
From the temperature profiles along the TOF which
lead to the two extremal predictions of ∆Lmaxopt , we de-
termine two corresponding extremal predictions for the
temperature at the center of the waist, Tmaxwaist and T
min
waist,
respectively. The resulting non-linear temperature scale,
T¯waist = (T
max
waist + T
min
waist)/2, where ∆T¯waist = (T
max
waist −
Tminwaist)/2, is shown on the right axes of all panels of Fig. 2,
with the ticks and the gray bars indicating T¯waist and
∆T¯waist, respectively. It covers a temperature range from
room temperature to almost 2000 K. We note that the
temperature scale in Fig. 2a refers to the cooling pro-
cess. The corresponding scale for the heating process
(not shown for clarity) differs from the latter because two
distinct spatial temperature profiles arise during heating
and cooling. As a result, the same optical path length
change corresponds to two different waist temperatures.
While the upper temperature limit exceeds the glass
transition temperature of fused silica of about 1450 K
[25], the nanofiber did not fuse. In an additional mea-
4FIG. 3. Thermalization time constants of the silica nanofiber as a function of the maximum optical path length change for the
two TOF resonators. Blue circles: measured initial time constants; red squares: final time constants; blue (red) bands: FED
predictions for initial (final) time constants; green (yellow) bands: predictions for initial (final) time constants using Planck’s
law.
surement (see SM) the fiber survived temperatures of up
to (2515± 255) K. A theoretical value for this tempera-
ture can be obtained by considering the fiber as a filament
with a temperature-dependent viscosity [25, 26]. We find
the melting dynamics to take place at a comparable time
scale as the experiment, meaning that the fiber would
actually break during the experimental cycle, at a tem-
perature of (2710 ± 140) K which is in good agreement
with the experimental result. Based on similar consider-
ations, we also confirmed that the fiber will maintain a
minimum stress of ∼ 100 kPa during the experiments if
the maximum temperature is ∼ 1800 K (see SM).
Figure 2d shows ∆Lmaxopt measured as a function of
the background gas pressure for TOF-resonator #2
and Pheat = 13.2(4) mW. The theory prediction takes
heat diffusion through the background gas into account
while neglecting temperature gradients. In our experi-
ment, this treatment is valid for pressures smaller than
10−3 mbar and overestimates the gas-based heat trans-
port for higher pressures (see SM). We find that ∆Lmaxopt is
constant for pressures lower than 10−4 mbar, confirming
that heat diffusion through the background gas is neg-
ligible for all other measurements presented here, which
were performed at pressures below 10−6 mbar.
We now analyze the thermalization dynamics for vary-
ing heating powers and thus for varying ∆Lmaxopt . For this
purpose, we determine the 10 %−50 % and 75 %−90 %
rise times (heating) and the 90 %−50 % and 25 %−10 %
fall times (cooling) of the time traces of ∆Lopt in order to
quantify the initial and the final dynamical behavior. We
find time constants on the order of 100 ms which are plot-
ted in Fig. 3 as a function of ∆Lmaxopt . The same quantities
are derived from the theory predictions for Planck’s law
and FED, respectively, and plotted as bands in the same
graphs. The agreement between the experimental data
and the FED predictions is excellent, whereas Planck’s
law predicts up to one order of magnitude shorter time
constants and, therefore, highly overestimates the radi-
ated power from the nanofiber. We note, that all theory
predictions in this figure are ab initio results without any
adjustable parameters.
Summarizing, using a silica nanofiber of predetermined
shape with a diameter smaller than the thermal wave-
length, we measured the thermalization dynamics of an
individual nanoscopic object over a large temperature
range. Our analysis confirms that the total thermally ra-
diated power in the far-field is accurately predicted over
a large temperature range using an ab initio thermody-
namical model based on fluctuational electrodynamics,
material properties, and the size and shape of the emit-
ter. Modeling the thermalization of microscopic parti-
cles with arbitrary shape from first principles has impor-
tant applications in the framework of, e.g., heat man-
agement in nano-devices, radiative forcing of aerosoles
in the earth’s atmosphere [27], or cavity opto-mechanics
experiments [28].
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5SUPPLEMENTARY MATERIAL
Details for the thermodynamical model
We model the system including heat transport via
radiation, heat conduction in silica, and heat diffusion
through the surrounding gas. The assumption that no
temperature gradients appear in the surrounding back-
ground gas is valid for mean free path lengths that are
much larger than the distance from the fiber to the heat
sink, such as, e.g., the fiber mount or the vacuum cham-
ber wall. We estimate the pressure up to which this con-
dition is fulfilled by assuming a typical distance to the
heat sink in our system of 10 cm and thereby obtain
p < 10−3 mbar. We note, however, that the transition
to the regime in which the background gas exhibits a
temperature gradient can take place in a pressure range
that covers several orders of magnitude. For this reason,
we also performed an experimental check of the validity
of our assumption, see Fig. 2d in the article. The sys-
tem can then be described by the following differential
equation in units of power [19]:
cp ρ ∂tT dV = −dHrad(T ) + dHrad(T0) + dPheating
+∇(λ∇T ) dV −
√
kB f2
8piM T0
p (T − T0) dS (2)
where dPheating is a heat source, the remaining quantities
are given in Tab. I, and the dependencies on space and
time are omitted for clarity. The radiated heat dHrad
can be either calculated using Planck’s law in combina-
tion with the spectral emissivity of a silica−vacuum in-
terface (see below) or using the predictions from FED
calculations [7, 8].
We assume the fiber is heated via surface absorption
so that the local heating power per unit length is given
by the local surface intensity I(a(z)) of the fiber mode
multiplied by the fiber circumference ∂zPheating(z) =
2pi a(z) I(a(z)). Due to the small diameter of the
nanofiber, we assume that it exhibits a constant tem-
perature across its diameter. Moreover, the fiber ex-
changes an extremely small amount of heat with the vac-
uum chamber which, therefore, stays at room temper-
ature during the experiment. This allows us to reduce
the equation to one dimension in space along the fiber
axis (z-axis). After differentiating the resulting equation
with respect to z, we then find the following differential
equation in units of power per length :
pia2 cp ρ ∂tT = −∂zHrad(T ) + ∂zHrad(T0) + ∂zPheating
+ pia2∂z (λ∂zT )−
√
kB f2
8piM T0
p (T − T0) 2pia (3)
where ∂Hrad describes the radiated power per unit
length. This equation is solved numerically for a given
radius profile using the method of lines implemented in
Mathematica with a spatial discretization of 0.1 mm
along the fiber axis for a TOF section that extends at
least 1 cm beyond either side of the waist: Lsim =
Lwaist + 2 cm. At these points, the fiber diameter has
increased to ∼10 µm and is thus a factor of 20 larger
than the waist diameter. As a consequence, the evanes-
cent field and hence the heating power vanishes and
the heat capacity per unit length increases by a factor
of 400. The boundary conditions are chosen such that
the fiber is thermalized to ambient temperature at the
beginning of the simulation T (t = 0, z) = T0 and no
heat flow occurs at the boundary of the simulation cell:
∂zT (t,±Lsim/2) = 0. By solving equation 3, we obtain
a temperature profile as a function of time and position
along the fiber, T (t, z). We then use the latter to com-
pute the optical path-length for discrete time-steps via
the thermally induced effective refractive index change
(see below) and compare the results from this simulation
to the data.
Complex refractive index of fused silica
The complex refractive index, nˆ = n + ik, is the sole
material property that enters the calculation of the spec-
tral emissive power of thermal radiation. We take the un-
certainty of the literature values into account by using all
four combinations of the maximum and minimum of each
n (refractive index) and k (extinction coefficient), respec-
tively, in order to compute the total radiated power. We
then use the maximum and minimum value of the latter
for our further calculations.
Optical fibers are made of high-quality synthetic fused
silica, which is an amorphous glass, with a core with typi-
cally a few weight percent of dopants such as, e.g., germa-
nium. Four types of fused silica are commercially avail-
able [29]: Type I and Type II are produced from crystal
quartz by electric melting and from quartz powder by
flame fusion, respectively, whereas Type III and Type
IV glasses are synthetic glasses produced from SiCl4 in
a H2-O2 flame and in a water-vapor free plasma flame
respectively. The synthetically produced glasses feature
the lowest impurity content and, thereby, exhibit a higher
transmission than the Type I and Type II glasses, in par-
ticular in the near-infrared and in the ultraviolet spectral
ranges.
Since our TOF fabrication employs a H2-O2 flame for
the tapering process, we consider the glass in the TOF
to be a mixture of Type III and Type IV silica. We
therefore extract the minimum and maximum values of
both n and k, respectively, that are available for these
two types of glass for our calculations. For wavelength
regions in which we did not encounter literature values
for these particular types of glass, we also use data for
other types of fused silica. The resulting minimum and
6symbol description
value from T0 to the highest
temperature covered in Ref.
temperature range
convered in Ref.
Ref.
T0 room temperature (294± 0.5) K - -
λ heat conductivity (1.3− 2.1) W/(K·m) (0.1− 1650) K [21]
cp specific heat (silica) (700− 1500) J/(kg·K) (0− 2000) K [20]
ρ density (silica) 2200 kg/m3 - [21]
f degrees of freedom of N2 6 - -
M molecular mass of N2 4.653 · 10−26 kg - -
kB Boltzmann’s constant 1.381 · 10−−23 J/K - -
TABLE I. Model parameters and their values with references.
maximum contributions of the complex refractive index
that we employ for our calculations were derived from
[29–33] and are shown in Fig. 4 as function of the optical
wavelength.
FIG. 4. Refractive index and extinction coefficient of fused
silica as function of the wavelength. Red curve: maximum
value; blue curve: minimum value.
We note that the values given for the extinction co-
efficient in the visible spectrum are at the lower limit of
the parameter range that is experimentally accessible and
therefore can be considered as maximum values. Since no
further data is available and heat radiation in the visible
spectrum contributes only marginally to the total heat
transfer rate, we do not consider smaller values.
Far-field heat radiation of a cylinder
In this section we resume the equations used to com-
pute the far-field heat radiation of a cylinder as derived
in [7]. The radiated power per unit length, ∂zHrad, of
an infinite cylinder of radius a at temperature Tc that is
composed of an isotropic material with the spectral di-
electric function  and spectral magnetic permeability µ
can be expressed as
∂zHrad =
4
c0
∫ ∞
0
dν
h ν2
exp (hν/kBTc)− 1
∑
P=‖,⊥
∞∑
l=−∞
×
∫ 1
−1
dξ
(
Re
(
TPPl,ξ
)
+ |TPPl,ξ |2 + |TPP¯l,ξ |2
)
, (4)
where ν denotes the optical frequency, c0 is the speed of
light in vacuum, P = {⊥, ‖} denotes the polarization of
the radiated light with respect to the plane given by the
propagation direction of the emitted radiation and the
cylinder axis (z-axis), P¯ is the polarization perpendicular
to P , l is the mode number, k0 = 2pi ν/c0 is the vacuum
propagation constant, and ξ = kz/k0 ratio of the axial
propagation constant (kz) and the vacuum propagation
constant, and therefore the cosine of the emission angle
with respect to the fiber axis ξ = cos(θ) with θ ∈ [0, pi].
The T-matrix elements are given by
T⊥⊥l,ξ = −
Jl(q a)
H
(1)
l (q a)
∆1∆4 −K2
∆1∆2 −K2 ,
T
‖ ‖
l,ξ = −
Jl(q a)
H
(1)
l (q a)
∆2∆3 −K2
∆1∆2 −K2 ,
T
⊥‖
l,ξ = T
‖⊥
l,ξ =
2iK
pi
√
µ (q aH
(1)
l (q a))
2
1
∆1∆2 −K2 ,
where Jl(x) is the Bessel function, H
(1)
l (x) is the Han-
kel function of the first kind and the prime denotes the
derivative with respect to the argument: f ′(x) = ∂xf(x).
The variable q = k0
√
1− ξ2 denotes the component of
7the propagation constant that is perpendicular to the
cylinder axis. Furthermore the following definitions have
been used:
∆1 =
J ′l (q1 a)
q1 a Jl(q1 a)
− 1

H
(1)′
l (q a)
q aH
(1)
l (q a)
,
∆2 =
J ′l (q1 a)
q1 a Jl(q1 a)
− 1
µ
H
(1)′
l (q a)
q aH
(1)
l (q a)
,
∆3 =
J ′l (q1 a)
q1 a Jl(q1 a)
− 1

J ′l (q a)
q a Jl(q a)
,
∆4 =
J ′l (q1 a)
q1 a Jl(q1 a)
− 1
µ
J ′l (q a)
q a Jl(q a)
,
K =
l ξ k0 c0√
µR2 ω
(
1
q21
− 1
q2
)
, and
q1 = k0
√
µ − ξ2 .
The material properties enter solely via the dielectric
function and permeability which is given above. We note
that these results are the same as the ones obtained from
Mie theory.
From Eq. 4 we now compute the spectral emissivity
(ν) of a silica cylinder by normalizing the total radiated
power per surface area of the fiber ∂x∂ωHrad/(2pia) to the
spectral emissive power of a black body given by Planck’s
formula [34]:
Pν(ν, T ) dν =
∫
dΩ cos(θ)W (ν, T )
=
2piν2
c20
hν
exp (hν/kbT )− 1 dν , (5)
where we have already integrated the spectral radiance,
W (ν, T ), over all emission angles in the hemisphere,
dΩ = ∫2pi0 dφ ∫pi/20 dθ sin(θ), while simultaneously consid-
ering the geometry factor: ∫ dΩ cos(θ) = pi. Then, the
total radiated power of the fiber can be computed using:
Hrad(T ) = Scyl
∫ ∞
0
dν P (ν, T ) (ν) , (6)
where Scyl = 2pi a∆z is the surface area of the cylinder.
From Eq. 4 and Eq. 5 we obtain the following expression
for the spectral hemispherical emissivity:
(ν) =
c0
ν pi2 a
∑
P=‖,⊥
∞∑
n=−∞
∫ 1
−1
dξ
×
(
Re
(
TPPl,ξ
)
+ |TPPl,ξ |2 + |TPP¯l,ξ |2
)
. (7)
We would like to stress that this spectral emissivity is
only valid for the particular fiber diameter it has been
computed for and yields incorrect results when used for
different diameters by scaling the surface area, as in stan-
dard heat radiation theory. In particular, the heat radi-
ation of very thin cylinders scales with the volume. This
FIG. 5. Spectral emissivity of the a nanofiber and black-body
spectral emissive power, Pν(ν, T ), as function of the optical
frequency plotted double-logarithmically and linearly respec-
tively. The lines delimiting the area are computed from the
two curves delimiting the uncertainty region of the dielectric
function, see Fig. 4. The gray lines show the spectral emis-
sive power per unit surface area for the temperatures denoted
within the plot.
illustrates that the concept of emissivity as material and
surface property cannot be applied to subwavelength ob-
jects. However, a structure-dependent emissivity is a use-
ful tool for the numerical computation of the radiated
power because the costly numerically integration of the
T-matrix only needs to be evaluated once for each diam-
eter and then may be used to compute Hrad for several
temperatures.
The spectral emissivity of a fused silica cylinder of
500 nm diameter is shown in Fig. 5. This graph im-
mediately shows the cause for the different scaling of the
radiated power of a nanofiber compared to a black body:
With increasing temperature, a black body would emit
an increasing fraction of the radiated power in the visible
wavelength range. However, in this spectral range, the
nanofiber is transparent and its emissivity is low. As a
8consequence, for the temperature range considered here,
the increase of the radiated power with temperature is
much lower for a nanofiber than for a black body.
Emissivity of a silica–vacuum interface
We now sketch the steps that are necessary for com-
puting the emissivity of a polished silica–vacuum in-
terface. A comprehensive treatment of thermal radia-
tion of surfaces can be found in the literature [2, 34].
The total thermally radiated power of an object can
be calculated by using the Stefan-Boltzmann equation
H(T ) = (T )σB T
4A, where A is the surface area of the
object, σB is the Stefan-Boltzmann constant, and (T )
is the total hemispherical emissivity. The latter can be
derived using Kirchhoff’s law, which states that the emis-
sivity of an interface is equal to its absorptivity. For a
semi-infinite silica—vacuum interface, all light that en-
ters the silica will be absorbed. For this reason, the direc-
tional spectral emissivity is given by (ν,Ω) = 1−R(ν,Ω),
where ν is the optical frequency, Ω = {θ, φ} stands for
the polar and the azimuthal angle, and R(ν,Ω) is the
directional spectral reflectivity. We note that this ap-
proach neglects the transmission through the body and is
thus in principle only valid for structures which are much
larger than all absorption lengths in the thermal radia-
tion spectrum. This condition is, however, not fulfilled
in the case of silica at high temperatures for which the
thermal spectrum significantly extends into the visible
range where fused silica is highly transparent. However,
in order to be able to compare to compare the FED pre-
diction to Planck’s law including a color correction that
does not make any assumptions regarding the size of the
object, we still pursue this approach. By using Planck’s
law for the spectral radiance, see Eq. 5, the hemispherical
emissivity can then be computed:
(T ) =
∫
dΩ
∫
dν W (ν, T ) (ν,Ω) cos(θ)
σBT 4
. (8)
The directional spectral reflectivity can be derived from
Frensel’s formula for absorbing media by averaging over
both polarizations [35]:
R(ν,Ω) =
1
2

∣∣∣∣∣∣
nˆ1(ν) cos(θ)−
√
nˆ22(ν)− nˆ21(ν) sin2(θ)
nˆ1(ν) cos(θ) +
√
nˆ22(ν)− nˆ21(ν) sin2(θ)
∣∣∣∣∣∣
2
+
∣∣∣∣∣∣
nˆ22(ν) cos(θ)− nˆ1
√
nˆ22(ν)− nˆ21(ν) sin2(θ)
nˆ22(ν) cos(θ) + nˆ1
√
nˆ22(ν)− nˆ21(ν) sin2(θ)
∣∣∣∣∣∣
2 ,
(9)
where nˆ1 = 1 and θ are the complex refractive index
and the angle of incidence in vacuum, respectively, and
nˆ2 is the complex refractive index of silica. The total
hemispherical emissivity is plotted in Fig. 6 as a function
of temperature for all combinations of the maximum and
minimum values of the real and imaginary part of the
refractive index. As explained in the main text of the
FIG. 6. Emissivity of a polished silica–vacuum interface as
function of temperature.
manuscript, only the minimum and maximum emissivity
traces (green and yellow lines, respectively) are used for
further calculations.
Modification of the emissivity by pollutants
The fact that the absorption of the heating laser is
dominated by pollutants implies, according to Kirch-
hoff’s law, that heat radiation in the spectral region of
the heating laser wavelength is primarily emitted by the
pollutants. Here we show that the overall emittance of
the fiber is, however, only weakly modified by the pres-
ence of the pollutants and is well-described assuming a
pure silica fiber. We first give a brief summary of the
arguments which are then presented in detail.
In essence, the absorption of the pollutant in the near
infrared (NIR: ∼ (0.7–2) µm) spectral range only dom-
inates because of the extreme transparency of the sil-
ica. However, it is still extremely small and, in partic-
ular, negligible compared to that of silica in the long-
wavelength infrared (LWIR: ∼ (6–30) µm) range where
the latter is opaque, see Fig 4. As a result, the emittance
of the total structure (silica nanofiber including the pol-
lutants) is dominated by the properties of silica in the
relevant spectral regions, i.e., where the vast majority of
the heat radiation is emitted.
More in detail, we determined the TOF transmission
loss caused by the pollutant from a measurement of
the intracavity loss at the probe wavelength and found
Apol(λprobe) < 2 · 10−2 [18]. Only a fraction of this
transmission loss is actually caused by absorption as it
also includes scattering losses due to non-adiabatic mode
transformation in the taper sections and scattering losses
9caused by the pollutants. As a conservative estimation,
we still assume that the entire transmission loss through
the TOF is due to absorption caused by the pollutants.
From Apol(λprobe) we determine an effective extinction
coefficient at the probe laser wavelength
keff(λprobe) =
Apol(λprobe)λprobe
4pi Lwaist
< 3 · 10−7 . (10)
This is seven orders of magnitude smaller than the peak
extinction coefficient of fused silica in the LWIR range
ksilica ∼ 1, see Fig. 4. As a consequence, even for temper-
atures as high as 2000 K, the spectral radiated power of
the pollutants in the NIR range is much smaller than the
spectral radiated power of silica in the LWIR range be-
cause the corresponding ratio of spectral radiances given
by Planck’s formula does by far not overcompensate this
factor.
Moreover, from Apol(λprobe), we can infer an estimate
of the effective layer thickness of the pollutants by com-
paring this value to what is observed in surface absorp-
tion spectroscopy of nanofiber-adsorbed dye molecules
[36]: If the pollutants were perfectly black molecules with
an extinction coefficient kpol on the order of 1, the ab-
sorption of Apol(λprobe) = 2 % in the NIR spectral range
would correspond to less than 1h of a closed monolayer
of these molecules on the nanofiber surface or, equiv-
alently, an effective layer thickness of less than 1 pm.
Even if kpol(λprobe) was two orders of magnitude lower
(i.e., slightly more transparent than indium tin oxide)
the corresponding effective layer thickness would still be
below 0.1 nm. This means that the pollutant would con-
tribute a volume fraction below fV = 5 · 10−4 to the
nanofiber which we take as an upper limit in the follow-
ing.
Using fV, we can now estimate the maximum value
that the effective extinction coefficient can possibly reach
in any part of the spectrum. It is given by the maxi-
mum possible value of the pollutants extinction coeffi-
cient (which is on the order of kpol ∼ 1) multiplied by
the volume fraction, yielding keff(λmax) ∼ 5 · 10−4. This
is more than four orders of magnitude smaller than the
peak value for fused silica in the LWIR range.
Assuming this worst-case value for the entire spectrum,
we find a maximum relative deviation of the radiated
power with and without pollutant of 20 % at 2000 K,
see Fig. 7. We note that several worst-case estimations
entered this value: We overestimated the pollutant’s ab-
sorption by assuming it solely responsible for the entire
TOF transmission losses. We assumed that the pollu-
tants have a low extinction coefficient at the probe laser
wavelength yielding a large layer thickness of pollutants
and thus a large volume fraction. And finally, we as-
sumed that pollutants are totally opaque (kpol ∼ 1) at
all wavelengths except for the probe laser wavelength.
FIG. 7. Calculated relative deviation of the radiated power
with and without pollutant. The upper estimate of the abso-
lute radiated power with pollutants that enters into this ratio
has been obtained by adding keff = 5 ·10−4 to the spectral ex-
tinction coefficient of fused silica and computing the far-field
radiation of a 500 nm cylinder composed a material with the
resulting dielectric function. We also show the relative uncer-
tainty of the emittance due to the uncertainty of the dielectric
function of silica (see above). We find that the worst case es-
timate of the deviation caused by the pollutants is smaller
than the uncertainty caused by the dieletric function.
Pre-heating procedure
Prior to each cycle of heating and successive cooling,
we establish a reproducible thermal situation by an ini-
tializing pulse sequence of the heating laser: First the
heating laser power is set to a high value (80−160 mW)
and is sent through the TOF for 30 s. This heating time
is significantly longer than the thermalization time con-
stant of the unprocessed fiber parts of ∼8 s, determined
in an independent measurement by tracking the central
wavelength shift of the FBG stop-band. Then, the heat-
ing laser is switched off for 2 s. This cooling time is ten
times longer than the thermalization time constant of the
nanofiber, see main text. This ensures that the nanofiber
is thermalized at ambient temperature while the unpro-
cessed fiber exhibits a constant initial condition.
Optical path length change
The optical path length change has its origin in three
basic effects: The thermo-optic and the strain-optic effect
of silica, i.e., the temperature- and strain-dependence of
its refractive index, n, as well as the radial thermal ex-
pansion of the fiber. All effects lead to a change of the
so-called V-parameter of the vacuum-clad fiber waist [37],
V = 2pia
√
n2 − 1/λ0, either via a change of n or via a
change of the fiber radius a. This results in a change
of the effective refractive index of the fundamental HE11
fiber mode in which the light is guided through the TOF,
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neff = β(V )/k0, where β(V ) is the V -dependent propa-
gation constant of the HE11 mode [37] and k0 = 2pi/λ0.
The tensile stress of the fiber varies with tempera-
ture because of the axial thermal expansion of the fiber:
Following the heat-and-pull process, the TOF is pre-
strained before fixing it to its mechanical mount, leading
to an elongation of the nanofiber waist by ∆Lstrain/L0 =
5 · 10−2 of its original physical length L0. This elon-
gation is much larger than the axial thermal expan-
sion of the nanofiber which, assuming an unstrained
nanofiber and a thermal expansion coefficient of silica
of αte = (∆L/L)/∆T = (4 − 7) · 10−7 /K [38], would
be of the order of ∆Ltherm/L0 ≈ 10−3 for the maximum
measured temperature of 2000 K. As a consequence, the
axial thermal expansion of the nanofiber does not mod-
ify the length of the pre-strained nanofiber but rather
lowers its tensile stress. This leads to a change of n via
the strain-optic effect and to an increase of a due to the
reduced transversal contraction of the nanofiber.
The thermally-induced change of the effective refrac-
tive index for a given fiber radius is thus given by:
dneff(a, T )
dT
=
∂neff(a)
∂n
(
∂n(T )
∂T
− nαte(T )αso
)
+
∂neff(a)
∂a
(1 + µP)αte(T ) a,
(11)
where ∂n(T )/∂T is the thermo-optic coefficient of sil-
ica, αso = (∆n/n)/(∆Lstrain/L0) = −0.206 is the strain-
optic coefficient of silica [39], and µP = −0.168 is Pois-
son’s ratio for silica [39].
In the literature, the thermo-optic coefficient of silica
is well characterized for room temperature. However, few
studies have been carried out for temperatures exceeding
∼800 K. To our knowledge, the widest temperature range
(300 K − 1570 K) has been characterized using the ther-
mally induced wavelength shift of a FBG-mirror stop-
band ∆λB [40]. From the latter, the thermo-optic coef-
ficient has been extracted for a wavelength of ∼1570 nm
by using
1
λB
dλB
dT
=
[
(1− αso)αte(T ) + 1
n
∂n(T )
∂T
]
(12)
where λB is the central wavelength of the FBG stop-
band [41]. Based on this data, we applied an established
model that predicts the dispersion of the thermo-optic
coefficient [42] to compute its value at the probe wave-
length of λ0 = 852 nm used in our experiment. By fitting
the temperature-dependent refractive index change with
a 2nd-order polynomial function (coefficient of determi-
nation: R2 = 1−6·10−6) and by differentiating the latter
with respect to the temperature, we obtain the temper-
ature dependent thermo-optic coefficient:
n(T )
∂T
= 9.627(9) ·10−6 +7.74(1) ·10−9 (T −299 K) (13)
We compared the prediction of our fit with values ex-
tracted from several literature sources that use various
methods [41–44] and find a relative error of the pre-
dicted refractive change index change with respect to the
literature values of ∆(∂n/∂T )/(∂n/∂T ) < 10 %. We
note that the data from all cited works also qualita-
tively agrees with the temperature dependence predicted
by equation 13. We also note that, to our knowledge,
the thermal expansion coefficient is known up to 1000 K
[38]. For higher temperatures we therefore employ a lin-
ear extrapolation of the two highest temperature values
measured in [38].
The resulting thermal change in the effective refractive
index is plotted as function of temperature in Fig. 8. In
FIG. 8. Temperature dependence of the effective thermo-
optic coefficient and its contributions for a fiber diameter of
500 nm.
all the above considerations, the effect of the fiber core
has been neglected. This is justified because the core
constitutes a negligible fraction (< 0.5 %) of the fiber
material which contributes to the guiding of the light in
the nanofiber section and, in addition, has similar optical
properties as the cladding material.
The TOF radius profile
The tapered optical fibers used in this experiment are
produced from standard single-mode optical fibers with
a cladding diameter of 125 µm. For this purpose, we em-
ploy a custom-built computer-controlled fiber pulling rig
which allows us to fabricate TOFs with a predetermined
radius profile. We chose a TOF radius profile which in-
cludes a nanofiber waist with a constant subwavelength
diameter that is enclosed symmetrically by two fiber ta-
pers as shown in Fig. 9. In a standard optical fiber, the
light is guided by the core–cladding interface whereas
in the nanofiber section the core has a negligible effect
and the light is guided the cladding–vacuum interface.
In these subwavelength optical nanofibers, a significant
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FIG. 9. Simulated radius profile of the tapered section of
TOF-resonator #1.
sample Θ1 Θ1 Θ1 Lwaist
TOF-resonator #1 5 mrad 2 mrad 4 mrad 10 mm
TOF-resonator #2 5 mrad 2 mrad 4 mrad 5 mm
TABLE II. Parameters of the two TOF radius profiles of the
two samples used in this experiment.
fraction of the optical power propagates outside of the
fiber in the form of an evanescent wave that extends sev-
eral hundred nanometers into the vacuum. A standard
fiber exhibits a small refractive index difference between
the core and the cladding and the fundamental fiber
mode can be approximated by the weakly guided LP01-
mode. To reach a high transmission through the TOF,
this mode has to be adiabatically transformed by the ta-
per transition to match the fundamental HE11-mode of
the strongly guiding nanofiber [37]. This is achieved by
a taper profile that is composed of three linear sections
followed by an exponential decrease adjacent to the waist
(see Fig. 9 for TOF-resonator #1). In the first and third
linear section of the taper, the fiber diameter is reduced
with comparably large angles, Θ1 and Θ3, whereas in
the second linear section, the transition from a core- to
cladding-guided mode takes place and the angle Θ2 has
to be chosen small enough to ensure an adiabatic trans-
formation.
The TOFs used in the experiment are produced from
Fibercore SM800 single mode optical fibers, using the
parameters given in Tab. II, where r1 and r2 are the
cladding radii at the transitions between the linear taper
sections. Previous measurements have shown that the
actual TOF radius profile agrees with the simulated ra-
dius profile within the measurement accuracy of ≈ 10 %
[23, 24].
Mechanical stability at high temperatures
While the upper temperature limit exceeds the glass
transition temperature of fused silica of about 1450 K
[25] no breaking due to melting has been observed. To in-
vestigate this further we heated TOF-resonator #2 to its
breaking point by increasing the heating power step-wise.
Here, the pre-heating procedure has been omitted to pre-
vent it from damaging the fiber and the heating time was
extended to 1.25 s. We found a maximum heating power
at which the fiber maintained its mechanical stability as
high as 192(10) mW with ∆Lmaxopt = 235(5) µm, the lat-
ter corresponding to a predicted equilibrium waist tem-
perature of Twaist = (2515 ± 255) K. We note, that the
uncertainty only includes that of the heat exchange rates
and is actually higher due to the extrapolation used for
the thermo-optic coefficient.
We now theoretically examine the mechanical stability
of the fiber by treating it as a thin viscous filament with
a temperature dependent viscosity η(T ). Therefore, we
compute the characteristic time of the viscous dynamic
in dependence of the temperature and compare it to the
measurement cycles. As the fiber is pre-strained we have
to consider two different characteristic time constants:
The relaxation from the initial strain in the fiber σi by
elongation which happens on the timescale of
τs =
3 η
σi
(14)
and the fusing at which the initial strain is already re-
leased and gravity causes the deformation
τv =
η
3 ρ g L0
, (15)
where g is the gravitational acceleration [26]. We use an
Arrhenius-model fit to the viscosity of silica from litera-
ture which was obtained from measurement values in the
temperature range (1400− 2500) K:
η(T ) = 5.8 · 10−8 exp (Ea/(RT ) ) Pa s , (16)
whereR is the molar gas constant and Ea = 515.4 kJ/mol
is the activation energy [25]. The results for the char-
acteristic times are shown for the cases in which the
fiber only experiences gravity and that of axial strain
in Fig. 10. We find a rapid decrease of the characteristic
times with increasing temperature that covers many or-
ders of magnitude. When the fiber is heated, the strain
is released due to viscous elongation of the fiber up to
the point at which the strain is too small for a signifi-
cant change on the time scale of one measurement cy-
cle τs > 60 s. With that we estimate the remaining
stress after heating to temperature of T ≈ 1800 K to be
σ > 100 kPa. As this is the stress at the maximum tem-
perature and, thereby, maximum thermal elongation, it
is ensured that the fiber stays stressed during the mea-
surements.
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FIG. 10. Characteristic time scales of the viscous deformation
dynamics caused by gravitation and different axial strains.
The interpolated range is marked blue.
The temperature at which the fiber fuses should occur
when the characteristic time τv ≈ (0.5 − 5) s becomes
comparable to the measurement cycle which occurs at a
temperature of T = (2710 ± 140) K. This is in excellent
agreement with the value obtained from the measurement
∗ Arno.Rauschenbeutel@ati.ac.at.
[1] M. Planck, Ann. Phys. 309, 553 (1901).
[2] R. Siegel and J. R. Howell, Thermal radiation heat trans-
fer (McGraw-Hill, 1972).
[3] S. M. Rytov, Y. A. Kravtsov, and V. I. Tatarskii, Prin-
ciples of statistical radiophysics, Vol. 3 (Springer, Berlin,
1978).
[4] C. F. Bohren and D. R. Huffmann, Absorption and Scat-
tering of Light by Small Particles (Wiley, New York,
1998).
[5] K. Joulain, J.-P. Mulet, F. Marquier, R. Carminati, and
J.-J. Greffet, Surf. Sci. Rep. 57, 59 (2005).
[6] V. P. Carey, G. Chen, C. Grigoropoulos, M. Kaviany,
and A. Majumdar, Nanosc. Microsc. Therm. 12, 1 (2008).
[7] V. A. Golyk, M. Kru¨ger, and M. Kardar, Phys. Rev. E
85, 046603 (2012).
[8] M. Kru¨ger, T. Emig, and M. Kardar, Phys. Rev. Lett.
106, 210404 (2011).
[9] T. C. Bond and R. W. Bergstrom, Aerosol Sci. Tech. 40,
27 (2006).
[10] J.-J. Greffet, R. Carminati, K. Joulain, J.-P. Mulet,
S. Mainguy, and Y. Chen, Nature 416, 61 (2002).
[11] Y. Fan, S. B. Singer, R. Bergstrom, and B. C. Regan,
Phys. Rev. Lett. 102, 187402 (2009).
[12] J. A. Schuller, T. Taubner, and M. L. Brongersma, Nat.
Photonics 3, 658 (2009).
[13] S. Shen, A. Narayanaswamy, and G. Chen, Nano Lett.
9, 2909 (2009).
[14] X. Liu, T. Tyler, T. Starr, A. F. Starr, N. M. Jokerst,
and W. J. Padilla, Phys. Rev. Lett. 107, 045901 (2011).
[15] E. Rousseau, A. Siria, G. Jourdan, S. Volz, F. Comin,
J. Chevrier, and J.-J. Greffet, Nat. Photon. 3, 514
(2009).
[16] T. A. Birks and Y. W. Li, J. Lightwave Technol. 10, 432
(1992).
[17] F. Warken, A. Rauschenbeutel, and T. Bartholoma¨us,
Photon. Spectra 42-3, 73 (2008).
[18] C. Wuttke, M. Becker, S. Bru¨ckner, M. Rothhardt, and
A. Rauschenbeutel, Opt. Lett. 37, 1949 (2012).
[19] W. Demtro¨der, Experimentalphysik 1, 3rd ed., Vol. 1
(Springer Berlin, 2003).
[20] J. Horbach, W. Kob, and K. Binder, J. Phys. Chem. B
103, 4104 (1999).
[21] J. J. Freeman and A. C. Anderson, Phys. Rev. B 34, 5684
(1986).
[22] M. Fujiwara, K. Toubaru, and S. Takeuchi, Opt. Express
19, 8596 (2011).
[23] U. Wiedemann, K. Karapetyan, C. Dan, D. Pritzkau,
W. Alt, S. Irsen, and D. Meschede, Opt. Express 18,
7693 (2010).
[24] A. Stiebeiner, R. Garcia-Fernandez, and A. Rauschen-
beutel, Opt. Express 18, 22677 (2010).
[25] R. H. Doremus, J. Appl. Phys. 92, 7619 (2002).
[26] J. P. Koulakis, C. D. Mitescu, F. Brochard-Wyart, P.-
G. De Gennes, and E. Guyon, J. Fluid Mech. 609, 87
(2008).
[27] T. C. Bond et al., J. Geophys. Res. Atmos. 118, 1 (2013).
[28] D. E. Chang, C. A. Regal, S. B. Papp, D. J. Wilson,
J. Ye, O. Painter, H. J. Kimble, and P. Zoller, P. Natl.
Acad. Sci. USA 107, 1005 (2010).
[29] R. Kitamura, L. Pilon, and M. Jonasz, Appl. Opt. 46,
8118 (2007).
[30] M. Afsar, IEEE T. Microw. Theory 32, 1598 (1984).
[31] D. Grischkowsky, S. Keiding, M. van Exter, and C. Fat-
tinger, J. Opt. Soc. Am. B 7, 2006 (1990).
[32] M. Naftaly and R. E. Miles, P. IEEE 95, 1658 (2007).
[33] P. D. Cunningham, Optical Pump Terahertz Probe Stud-
ies of Semiconducting Polymers, Ph.D. thesis, University
of Maryland, Baltimore County (2010).
[34] J. H. I. Lienhard and J. H. V. Lienhard, A Heat Transfer
Text Book, 4th ed. (Phlogiston Press, 2011).
[35] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley,
New York, 1999).
[36] F. Warken, E. Vetsch, D. Meschede, M. Sokolowski, and
A. Rauschenbeutel, Opt. Express 15, 11952 (2007).
[37] A. Yariv, Optical Electronics (Saunders College Publish-
ing, Philadelphia, 1991).
[38] N. SRM739, (2012), https://www-
s.nist.gov/srmors/certificates/archive/739.pdf.
[39] N. F. Borrelli and R. A. Miller, Appl. Opt. 7, 745 (1968).
[40] C. Liao, D.-N. Wang, Y. Li, T. Sun, and K. T. V. Grat-
tan, Appl. Opt. 48, 3001 (2009).
[41] S. Pal, T. Sun, K. T. Grattan, S. A. Wade, S. F. Collins,
G. W. Baxter, B. Dussardier, and G. Monnom, Sensor.
Actuator. 112, 211 (2004).
[42] E. Palik, Handbook of thermo-optic coefficients of optical
materials with applications, edited by G. Ghosh, Vol. 3
(Academic Press, London, 1998).
[43] J. H. Wray and J. T. Neu, J. Opt. Soc. Am. 59, 774
(1969).
[44] C. Tan and J. Arndt, Journal of Physics and Chemistry
of Solids 61, 1315 (2000).
